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ON THE GENERATORS OF QUANTUM STOCHASTIC MASTER
EQUATION.
V. P. BELAVKIN.
Abstract. A characterisation of the stochastic bounded generators of quan-
tum irreversible Master equations is given. This suggests the general form
of quantum stochastic evolution with respect to the Poisson (jumps), Wiener
(diffusion) or general Quantum Noise. The corresponding irreversible Heisen-
berg evolution in terms of stochastic completely positive (CP) maps is found
and the general form of the stochastic completely dissipative (CD) operator
equation is discovered.
1. Introduction
Recently a stochastic irreversible evolution has been introduced in quantum the-
ory in order to discribe the continuous measurements and random trajectories of
individual quantum objects under their observation in time. In the quantum theory
of open systems there is a well known Lindblad’s form [19] of quantum irreversible
master equation, satisfied by the one-parameter semigroup of completely positive
(CP) maps. This is a nonstochastical equation, which can be obtained by averaging
a stochastic Langevin equation over the driving quantum noises. On the other hand
the Langevin equation is satisfied by a quantum stochastic process of dynamical
representations, which are obviously completely positive due to *-multiplicativity
of the representations. The representations give the examples of pure CP maps,
but among pure CP maps there are not only the representations. This means a
possibility to construct a pure irreversible quantum stochastic CP dynamics, which
can not be driven by a Langevin equation.
The examples of such dynamics having recently been found many physical appli-
cations, will be considered in the first section. The rest of the paper will be devoted
to the mathematical derivation of the general structure for the quantum stochas-
tic evolution equations with the bounded coefficients. Here in the introduction we
would like to outline this structure on the formal level.
In order to achieve this goal, we will extend the Evans–Lewis differential dila-
tion theorem [17] for the genrators of CP dynamics, to the stochastic differentials,
generating an Itoˆ ∗–algebra
(1.1)
dΛ (a)
†
dΛ (a) = dΛ (a⋆a) ,
∑
λidΛ (ai) = dΛ
(∑
λiai
)
, dΛ (a)
†
= dΛ (a⋆)
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with given mean values 〈dΛ (t, a)〉 = l (a) dt, a ∈ a. Here a is a (finite-dimensional)
noncommutative ⋆-algebra with a self-adjoint annihilator (death) d = d⋆, ad = 0,
corresponding to dt = dΛ (t, d), and l : a → C is a positive l (a⋆a) ≥ 0 linear
functional, normalized as l (d) = 1, corresponding to the determinism 〈dt〉 = dt.
The functional l defines the GNS representation a 7→ a = (aµν )
µ=−,•
ν=+,• of a in terms
of the quadruples
(1.2) a•• = j (a) , a
•
+ = k (a) , a
−
• = k
∗ (a) , a−+ = l (a) ,
where j (a⋆a) = j (a)
†
j (a) is the matrix representation j (a)
†
k (a) = k (a⋆a) on the
spaceK of the Kolmogorov decomposition l (a⋆a) = k (a)
†
k (a) into the dot-product
a−• a
•
+ with a finite number of the components indexed by •, and k
∗ (a) = k (a⋆)
†
.
The quantum stochastic processes t ∈ R+ 7→ Λ (t, a) , a ∈ a with independent
increments dΛ (t, a) = Λ (t+ dt, a)− Λ (t, a), forming an Itoˆ ⋆-algebra, can be rep-
resented [20] in the Fock space F over the space of K -valued square-integrable
functions on R+ as Λ
µ
ν (t, a
µ
ν ) = a
µ
νΛ
ν
µ (t). Here
(1.3) aµνΛ
ν
µ (t) = a
•
•Λ
•
• (t) + a
•
+Λ
+
• (t) + a
−
• Λ
•
− (t) + a
−
+Λ
+
− (t) ,
is the canonical decomposition of Λ into the exchange Λ••, creation Λ
+
• , annihilation
Λ•− and preservation (time) Λ
+
− = tI processes of quantum stochastic calculus [20],
having the mean values
〈
Λνµ (t)
〉
= tδν+δ
−
µ with respect to the vacuum state in F.
Thus the parametrising algebra a can be always identified with a ⋆-subalgebra of
the algebra of all quadruples a = (aµν )
µ=−,•
ν=+,• , where a
µ
ν : Kν → Kµ are the linear
operators on K• = K,K+ = C =K−, having the adjoints a
µ∗
ν Kµ ⊆ Kν , with the
Hudson–Parthasarathy (HP) multiplication table [16]
(1.4) a • b = (aµ•b
•
ν)
µ=−,•
ν=+,• ,
the unique death d =
(
δµ−δ
+
ν
)µ=−,•
ν=+,•
, and the involution a⋆µ−ν = a
ν∗
−µ, where −(−) =
+, −• = •, −(+) = −.
The main result of this paper is the derivation of the general structure for the
unbounded generators λµν : B → B of the linear quantum stochastic CP evolutions
φt over B = L (H) in terms of the quantum stochastic differentials dφ = φ ◦ λ
µ
νdΛ
ν
µ
with φ0 = ı at t = 0, where ı (B) = B is the identical representation of B. As in the
bounded case and finite dimensional Itoˆ algebra [?], the generator λ = (λ)
µ=−,•
ν=+,•
can be written in the “Lindblad” form λ (B) = L†(B)L −K†B − BK, defining
the quantum stochastic differential equation as
dφt (B) + φt
(
K†B +BK − L† (B)L
)
dt = φt (L
• (B)L• −B ⊗ δ
•
•) dΛ
•
•
(1.5) +φt (L
• (B)L−K•B) dΛ+• + φt
(
L† (B)L• −BK•
)
dΛ•−,
where  is an operator representation of B, and δ•• is the identity operator in K. Such
an extension of Lindblad’s form for quantum stochastic generators was discovered
recently in [15] even for a nonlinear case. We shall prove that this structure is
necessary at least in the case of the bounded w*-continuous generators on a von
Neumann algebra B. The existence of minimal CP solution which is constructed
under certain continuity conditions proves that this structure is also sufficient for
the CP property of any solution to this stochastic equation.
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The Evans–Lewis case Λ (t, a) = αtI is described by the simplest one-dimensional
Itoˆ algebra a = Cd with l (a) = α ∈ C and the nilpotent multiplication α⋆α = 0
corresponding to the non-stochastic (Newton) calculus (dt)
2
= 0 in K = 0. The
standard Wiener process Q = Λ•− + Λ
+
• in Fock space is described by the second
order nilpotent algebra a of pairs a = (α, ξ) with d = (1, 0), ξ ∈ C, represented
by the quadruples a−+ = α, a
−
• = ξ = a
•
+, a
•
• = 0 in K = C, corresponding
to Λ (t, a) = αtI + ξQ(t). The unital ⋆-algebra C with the usual multiplication
ζ⋆ζ = |ζ|
2
can be embedded into the two-dimensional Itoˆ algebra a of a = (α, ζ),
α = l (a), ζ ∈ C as a•• = ζ, a
•
+ = +iζ, a
−
• = −iζ, a
−
+ = ζ. It corresponds
to Λ (t, a) = αtI + ζP (t), where P = Λ•• + i
(
Λ+• − Λ
•
−
)
is the representation of
the standard Poisson process, compensated by its mean value t. Thus our results
are applicable also to the classical stochastic differentials of completely positive
processes, corresponding to the commutative Itoˆ algebras, which are decomposable
into the Wiener, Poisson and Newton orthogonal components.
2. Quantum filtering dynamics
The quantum filtering theory, which was outlined in [1, 2] and developed then
since [3], provides the derivations for new types of irreversible stochastic equations
for quantum states, giving the dynamical solution for the well-known quantum mea-
surement problem. Some particular types of such equations have been considered
recently in the phenomenological theories of quantum permanent reduction [4, 5],
continuous measurement collapse [6, 7], spontaneous jumps [8, 9], diffusions and
localizations [10, 11]. The main feature of such dynamics is that the reduced irre-
versible evolution can be described in terms of a linear dissipative stochastic wave
equation, the solution to which is normalised only in the mean square sense.
The simplest dynamics of this kind is described by the continuous filtering wave
propagators Vt (ω), defined on the space Ω of all Brownian trajectories as an adapted
operator-valued stochastic process in the system Hilbert space H, satisfying the
stochastic diffusion equation
(2.1) dVt +KVtdt = LVtdQ, V0 = I
in the Itoˆ sense, which was derived from a unitary evolution in [13]. Here Q (t, ω)
is the standard Wiener process, which is described by the independent increments
dQ (t) = Q (t+ dt) − Q(t), having the zero mean values 〈dQ〉 = 0 and the multi-
plication property (dQ)2 = dt, K is an accretive operator, K +K† ≥ L†L, and L
is a linear operator D → H. Using the Itoˆ formula
(2.2) d
(
V †t Vt
)
= dV †t Vt + V
†
t dVt + dV
†
t dVt,
and averaging 〈·〉 over the trajectories of Q, one obtains d〈V †t Vt〉 ≤ 0 as a conse-
quence of L†L ≤ K + K†. Note that the process Vt is necessarily unitary if the
filtering condition K† +K = L†L holds, and if L† = −L in the bounded case.
Another type of the filtering wave propagator Vt (ω) : ψ0 ∈ H 7→ ψt (ω) in H is
given by the stochastic jump equation
(2.3) dVt +KVtdt = LVtdP, V0 = I,
derived in [12] by the conditioning with respect to the spontaneous stationary re-
ductions at the random time instants ω = {t1, t2, ...}. Here L = J − I is the jump
operator, corresponding to the stationary discontinuous evolutions J : ψt 7→ ψt+ at
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t ∈ ω, and P (t, ω) is the standard Poisson process, counting the number |ω ∩ [0, t)|
compensated by its mean value t. It is described as the process with independent
increments dP (t) = P (t+ dt)−P (t), having the values {0, 1} at dt→ 0, with zero
mean 〈dP〉 = 0, and the multiplication property (dP)
2
= dP + dt. Using the Itoˆ
formula (2.2) with dV †t dVt = V
†
t L
†LVt(dP+dt), one can obtain
d
(
V †t Vt
)
= V †t
(
L†L−K −K†
)
Vtdt+ V
†
t
(
L† + L+ L†L
)
VtdP.
Averaging 〈·〉 over the trajectories of P, one can easily find that d〈V †t Vt〉 ≤ 0 under
the sub-filtering condition L†L ≤ K+K†. Such evolution is unitary if L†L = K+K†
and if the jumps are isometric, J†J = I.
This proves in both cases that the stochastic wave function ψt (ω) = Vt (ω)ψ0
is not normalized for each ω, but it is normalized in the mean square sense to the
probability 〈||ψt||
2〉 ≤ ||ψ0||
2 = 1 for the quantum system not to be demolished
during its observation up to the time t. If
〈
||ψt||
2
〉
= 1, then the positive stochastic
function ||ψt (ω) ||
2 is the probability density of a diffusive Q̂ or counting P̂ output
process up to the given t with respect to the standard Wiener Q or Poisson P input
processes.
Using the Itoˆ formula for φt (B) = V
†
t BVt, one can obtain the stochastic equa-
tions
(2.4) dφt (B) + φt
(
K†B +BK − L†BL
)
dt = φt
(
L†B +BL
)
dQ,
(2.5) dφt (B) + φt
(
K†B +BK − L†BL
)
dt = φt
(
J†BJ −B
)
dP,
describing the stochastic evolution Yt = φt (B) of a bounded system operator
B ∈ L (H) as Yt (ω) = Vt (ω)
†
BVt (ω). The maps φt : B 7→ Yt are Hermitian
in the sense that Y †t = Yt if B
† = B, but in contrast to the usual Hamiltonian
dynamics, are not multiplicative in general, φt
(
B†C
)
6= φt (B)
†
φt (C), even if they
are not averaged with respect to ω. Moreover, they are usually not normalized,
Mt (ω) := φt (ω, I) 6= I, although the stochastic positive operators Mt = V
†
t Vt
under the filtering condition are usually normalized in the mean, 〈Mt〉 = I, and
satisfy the martingale property ǫt [Ms] = Mt for all s > t, where ǫt is the condi-
tional expectation with respect to the history of the processes P or Q up to time
t.
Although the filtering equations (2.3), (2.1) look very different, they can be
unified in the form of quantum stochastic equation
(2.6) dVt +KVtdt+K
−VtdΛ− = (J − I)VtdΛ + L+VtdΛ
+
where Λ+ (t) is the creation process, corresponding to the annihilation Λ− (t) on the
interval [0, t), and Λ (t) is the number of quantums on this interval. These canonical
quantum stochastic processes, representing the quantum noise with respect to the
vacuum state |0〉 of the Fock space F over the single-quantum Hilbert space L2 (R+)
of square-integrable functions of t ∈ [0,∞), are formally given in [14] by the integrals
Λ− (t) =
∫ t
0
Λr−dr, Λ
+ (t) =
∫ t
0
Λ+r dr, Λ (t) =
∫ t
0
Λ+r Λ
r
−dr,
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where Λr−,Λ
+
r are the generalized quantum one-dimensional fields in F , satisfying
the canonical commutation relations[
Λr−,Λ
+
s
]
= δ (s− r) I,
[
Λr−,Λ
s
−
]
= 0 =
[
Λ+r ,Λ
+
s
]
.
They can be defined by the independent increments with
(2.7) 〈0|dΛ−|0〉 = 0, 〈0|dΛ
+|0〉 = 0, 〈0|dΛ|0〉 = 0
and the noncommutative multiplication table
(2.8) dΛdΛ = dΛ, dΛ−dΛ = dΛ−, dΛdΛ
+ = dΛ+, dΛ−dΛ
+ = dtI
with all other products being zero: dΛdΛ− = dΛ
+dΛ = dΛ+dΛ− = 0. The
standard Poisson process P as well as the Wiener process Q can be represented in
F by the linear combinations [16]
(2.9) P (t) = Λ (t) + i
(
Λ+ (t)− Λ− (t)
)
, Q(t) = Λ+ (t) + Λ− (t) ,
so the equation (2.6) corresponds to the stochastic diffusion equation (2.1) if J = I,
L+ = L = −K
−, and it corresponds to the stochastic jump equation (2.3) if
J = I + L, L+ = iL = K
−. The quantum stochastic equation for φt (B) = V
†
t BVt
has the following general form
dφt (B) + φt
(
K†B +BK − L−BL+
)
dt = φt
(
J†BJ −B
)
dΛ
(2.10) +φt
(
J†BL+ −K+B
)
+ φt
(
L−BJ −BK−
)
dΛ−,
where L− = L†+,K
†
+ = K
−, coinciding with either (2.4) or with (2.5) in the partic-
ular cases. The equation (2.10) is obtained from (2.6) by using the Itoˆ formula (2.2)
with the multiplication table (2.8). The sub-filtering condition K + K† ≤ L−L+
for the equation (2.6) defines in both cases the positive operator-valued process
Rt = φt (I) as a sub-martingale with R0 = I, or a martingale in the case K+K
† =
L−L+. In the particular case
J = S, K− = L−S, L+ = SK+, S
†S = I,
corresponding to the Hudson–Evans flow if S† = S−1, the evolution is isometric,
and identity preserving, φt (I) = I in the case of bounded K and L.
In the next sections we define a multidimensional analog of the quantum sto-
chastic equation (2.10) and will show that the suggested general structure of its
generator indeed follows just from the property of complete positivity of the map
φt for all t > 0 and the normalization condition φt (I) = Mt to a form-valued sub-
martingale with respect to the natural filtration of the quantum noise in the Fock
space F .
3. The Generators of Quantum Filtering Cocycles.
The quantum filtering dynamics over an operator algebra B ⊆ B (H) is described
by a one parameter cocycles: φ = (φt)t>0 of linear completely positive stochastic
maps φt (ω) : B → B. The cocycle condition
(3.1) φs (ω) ◦ φr (ω
s) = φr+s (ω) , ∀r, s > 0
means the stationarity, with respect to the shift ωs = {ω (t+ s)} of a given sto-
chastic process ω = {ω (t)}. Such maps are in general unbounded, but normalized,
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φt (I) = Mt to an operator-valued martingale Mt = ǫt [Ms] ≥ 0 with M0 = 1, or a
positive submartingale: Mt ≥ ǫt [Ms], for all s > t, .
Now we give a noncommutative generalization of the quantum stochastic CP
cocycles, which was suggested in [15] even for the nonlinear case. The stochas-
tically differentiable family φ with respect to a quantum stationary process, with
independent increments Λs (t) = Λ (t+ s)−Λ (s) generated by a finite dimensional
Itoˆ algebra is described by the quantum stochastic equation
(3.2) dφt (Y ) = φt ◦ λ
µ
ν (Y ) dΛ
ν
µ :=
∑
µ,ν
φt (λ
µ
ν (Y )) dΛ
ν
µ, Y ∈ B
with the initial condition φ0 (Y ) = Y , for all Y ∈ B. Here Λ
ν
µ (t) with µ ∈
{−, 1, ..., d}, ν ∈ {+, 1, ..., d} are the standard time Λ+− (t) = tI, annihilation Λ
m
− (t),
creation Λ+n (t) and exchange-number Λ
m
n (t) = N
m
n (t) operator integrators with
m,n ∈ {1, ..., d}. The infinitesimal increments dΛµν (t) = Λ
tµ
ν (dt) are formally de-
fined by the Hudson-Parthasarathy multiplication table [16] and the ♭ -property [3],
(3.3) dΛβµdΛ
ν
γ = δ
β
γdΛ
ν
µ, Λ
♭ = Λ,
where δβγ is the usual Kronecker delta restricted to the indices β ∈ {−, 1, ..., d} , γ ∈
{+, 1, ..., d} and Λ♭µ−ν = Λ
ν†
−µ with respect to the reflection −(−) = +, −(+) = − of
the indices (−,+) only. The linear maps λµν : B → B for the ∗ -cocycles φ
∗
t = φt,
where φ∗t (Y ) = φt
(
Y †
)†
, should obviously satisfy the ♭ -property λ♭ = λ, where
λ♭ν−µ = λ
µ∗
−ν , λ
µ∗
ν (Y ) = λ
µ
ν
(
Y †
)†
. If the coefficients bµν = λ
µ
ν (Y ) are independent of
t, φ satisfies the cocycle property φs ◦ φ
s
r = φs+r, where φ
s
t is the solution to (3.2)
with Λµν (t) replaced by Λ
sµ
ν (t). Define the (d+ 2) × (d+ 2) matrix a = [a
µ
ν ] also
for µ = + and ν = −, by
λ+ν (Y ) = 0 = λ
µ
− (Y ) , ∀Y ∈ B,
and then one can extend the summation in (3.2) so it is also over µ = +, and ν = −.
By such an extension the multiplication table for dΛ (a) = aµνdΛ
ν
µ can be written
as
(3.4) dΛ (a)
†
dΛ (a) = dΛ
(
a♭a
)
in terms of the usual matrix product (ba)µν = b
µ
λa
λ
ν and the involution a 7→ a
♭ =
b,b♭ = a can be obtained by the pseudo-Hermitian conjugation a♭νβ = gβµa
µ†
γ g
γν
respectively to the indefinite Minkowski metric tensor g = [gµν ] and its inverse
g−1 = [gµν ], given by gµν = δµ−νI = gµν .
Let us prove that the ”spatial” part γ = (γµν )
µ6=+
ν 6=− of γ = λ+δ, called the quantum
stochastic germ for the representation δ : B 7→ (Bδµν )
µ6=+
ν 6=−, must be completely
stochastically dissipative for a CP cocycle φ in the following sense.
Theorem 1. Suppose that the quantum stochastic equation (3.2) with φ0 (B) = B
has a CP solution φt, t > 0. Then the germ-map γ = (λ
µ
ν + δ
µ
ν )
µ=−,•
ν=+,• is condition-
ally completely positive∑
k
ι (Bk)ηk = 0⇒
∑
k,l
〈ηk|γ
(
B†kBl
)
ηl〉 ≥ 0
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Here η ∈ H⊕H•,H• = H⊗Cd, and ι = (ιµν )
µ=−,•
ν=+,• is the degenerate representation
ιµν (B) = Bδ
+
ν δ
µ
−, written both with γ in the matrix form as
(3.5) γ =
(
γ γ•
γ• γ••
)
, ι (B) =
(
B 0
0 0
)
,
where γ = λ−+, γ
m = λm+ , γn = λ
−
n , γ
m
n = δ
m
n + λ
m
n with δ
m
n (B) = Bδ
m
n such
that
(3.6) γ
(
B†
)
= γ (B)
†
, γn
(
B†
)
= γn (B)
†
, γmn
(
B†
)
= γnm (B)
†
Proof. Let us denote by D the H-span
{∑
f ξ
f ⊗ f⊗
∣∣∣ξf ∈ H, f• ∈ Cd ⊗ L2 (R+)}
of coherent (exponential) functions f⊗ (τ ) =
⊗
t∈τ f
• (t), given for each finite sub-
set τ = {t1, ..., tn} ⊆ R+ by tensor products f
n1,...,nN (τ ) = fn1 (t1) ...f
nN (tN ),
where fn, n = 1, ..., d are square-integrable complex functions on R+ and ξ
f = 0
for almost all f• = (fn). The co-isometric shift Ts intertwining A
s (t) with
A (t) = TsA
s (t)T †s is defined on D by Ts (η ⊗ f
⊗) (τ ) = η ⊗ f⊗ (τ + s). The
complete positivity of the quantum stochastic adapted map φt into the D-forms
〈χ| φt (B)ψ〉, for χ, ψ ∈ D can be obviously written as
(3.7)
∑
X,Z
∑
f,h
〈
ξfX
∣∣∣ φt (f•, X†Z, h•) ξhZ〉 ≥ 0,
where
〈η| φt (f
•, B, h•) η〉 =
〈
η ⊗ f⊗
∣∣ φt (B) η ⊗ h⊗〉 e− ∫∞t f•(s)†h•(s)ds,
ξfB 6= 0 for a finite sequence of Bk ∈ B, and for a finite sequence of f
•
l =
(
f1l , ..., f
d
l
)
.
If the D-form φt (B) satisfies the stochastic equation (3.2), theH-form φt (f
•, B, h•)
satisfies the differential equation
(3.8)
d
dt
φt (f
•, B, h•) = f• (t)
†
h• (t)φt (f
•, B, h•) + φt
(
f•, λ−+ (B) , h
•
)
+
d∑
m=1
fm (t)
∗
φt
(
f•, λm+ (B) , h
•
)
+
d∑
n=1
hn (t)φt
(
f•, λ−n (B) , h
•
)
+
d∑
m,n=1
fm (t)∗ hn (t)φt (f
•, λmn (B) , h
•) ,
where f• (t)† h• (t) =
∑d
n=1 f
n (t)∗ hn (t). The positive definiteness, (3.7), ensures
the conditional positivity
(3.9)
∑
f
∑
B
BξfB = 0⇒
∑
X,Z
∑
f,h
〈
ξfX
∣∣∣ γ (f•, X†Z, h•) ξhZ〉 ≥ 0
of the form γt (f
•, B, h•) = 1
t
(φt (f
•, B, h•)−B) for each t > 0 and of the limit γ0
at t ↓ 0, coinciding with the quadratic form
(3.10)
d
dt
φt (f
•, B, h•)
∣∣∣∣
t=0
=
∑
m,n
a¯mγmn (B) c
n +
∑
m
a¯mγm (B) +
∑
n
γn (B) c
n + γ (B) ,
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where a• = f• (0) , c• = h• (0), and the γ’s are defined in (3.5). Hence the form∑
X,Z
∑
µ,ν
〈ηµX | γ
µ
ν
(
X†Z
)
ηνZ〉 :=
∑
X,Z
∑
m,n
〈ηmX | γ
m
n
(
X†Z
)
ηnZ
〉
+
∑
X,Z
(∑
n
〈ηX | γn
(
X†Z
)
ηnZ
〉
+
∑
m
〈ηmX | γ
m
(
X†Z
)
ηZ
〉
+ 〈ηX | γ
(
X†Z
)
|ηZ〉
)
with η =
∑
f ξ
f , η• =
∑
f ξ
f ⊗ a•f , where a
•
f = f
• (0), is positive if
∑
B BηB = 0.
The components η and η• of these vectors are independent because for any η ∈ H
and η• =
(
η1, ..., ηd
)
∈ H ⊗ Cd there exists such a function a• 7→ ξa on Cd with a
finite support, that
∑
a ξ
a = η,
∑
a ξ
a ⊗ a• = η•, namely, ξa = 0 for all a• ∈ Cd
except a• = 0, for which ξa = η −
∑d
n=1 η
n and a• = e•n, the n-th basis element
in Cd, for which ξa = ηn. This proves the complete positivity of the matrix form
γ, with respect to the matrix representation ι defined in (3.5) on the ket-vectors
η = (ηµ).
4. A Dilation Theorem for the Form-Generator.
The conditional positivity of the structural map γ with respect to the degenerate
representation ι written in the matrix form (3.6) obviously implies the positivity of
the dissipation form
(4.1)
∑
X,Z
〈ηX |∆ (X,Z) ηZ〉 :=
∑
k,l
∑
µ,ν
〈ηµk |∆
µ
ν (Bk, Bl) η
ν
l 〉 ,
where η− = η = η+ and ηk = ηBk for any (finite) sequence Bk ∈ B, k = 1, 2, ...,
corresponding to non-zero ηB = ηB ⊕ η
•
B, ηB ∈ H, η
•
B ∈ H
•. Here ∆ = (∆µν )
µ=−,•
ν=+,•
is the dissipator matrix,
∆ (X,Z) = γ
(
X†Z
)
− ι (X)
†
γ (Z)− γ (X)
†
ι (Z) + ι (X)
†
γ (I) ι (Z) ,
given by the elements
∆mn (X,Z) = λ
m
n
(
X†Z
)
+X†Zδmn ,(4.2)
∆−n (X,Z) = λ
−
n
(
X†Z
)
−X†λ−n (Z) = ∆
n
+ (Z,X)
†
∆−+ (X,Z) = λ
−
+
(
X†Z
)
−X†λ−+ (Z)− λ
−
+
(
X†
)
Z +X†DZ,
where D = λ−+ (I) ≤ 0 (D = 0 for the case of the martingale Mt ). This means
that the matrix-valued map γ•• = [γ
m
n ], is completely positive, and as follows from
the next theorem, at least for the algebra B = B (H) the maps γ, γm, γn have the
following form
γm (B) = ϕm (B)−K†mB, γn (B) = ϕn (B)−BKn(4.3)
γ (B) = ϕ (B)−K†B −BK, ϕ (I) ≤ K +K†
where ϕ = (ϕµν )
µ6=+
ν 6=− is a completely positive bounded map from B into the matrices
of operators with the elements ϕmn = γ
m
n , ϕ
m
+ = ϕ
m, ϕ−n = ϕn, ϕ
−
+ = ϕ : B → B.
In order to make the formulation of the dilation theorem as concise as possible,
we need the notion of the ♭-representation of the algebra B in the operator algebra
A (E) of a pseudo-Hilbert space E = H ⊕ H◦ ⊕ H with respect to the indefinite
metric
(4.4) (ξ| ξ) = 2Re
(
ξ−
∣∣ ξ+)+ ‖ξ◦‖2 + ∥∥ξ+∥∥2
D
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for the triples ξ = (ξµ)
µ=−,◦,+
∈ E , where ξ−, ξ+ ∈ H, ξ◦ ∈ H◦, H◦ is a
pre-Hilbert space, and ‖η‖2D = 〈η| Dη〉. The operators A ∈ A (E) are given by
3× 3-block-matrices [Aµν ]
µ=−,◦,+
ν=−,◦,+, having the Pseudo-Hermitian adjoints
(
ξ|A♭ξ
)
=
(Aξ|ξ), which are defined by the Hermitian adjoints A†µν = A
ν†
µ as A
♭ = G−1A†G
respectively to the indefinite metric tensor G = [Gµν ] and its inverse G
−1 = [Gµν ],
given by
(4.5) G =
 0 0 I0 I◦◦ 0
I 0 D
 , G−1 =
 −D 0 I0 I◦◦ 0
I 0 0

with an arbitrary D, where I◦◦ is the identity operator in H
◦, being equal I•• =
[Iδmn ]
m=1,...,d
n=1,...,d in the case of H
◦ = H⊗ Cd = H•.
Theorem 2. The following are equivalent:
(i) The dissipation form (4.1), defined by the ♭-map λ with λ−+ (I) = D, is
positive definite:
∑
X,Z 〈ηX |∆ (X,Z) ηZ〉 ≥ 0.
(ii) There exists a pre-Hilbert space H◦, a unital †- representation j of B in
B (H◦),
(4.6) j
(
B†B
)
= j (B)
†
j (B) , j (I) = I,
a (j, i)-derivation of B with i (B) = B,
(4.7) k
(
B†B
)
= j (B)† k (B) + k
(
B†
)
B,
having values in the operators H → H◦, the adjoint map k∗ (B) = k
(
B†
)†
,
with the property
k∗
(
B†B
)
= B†k∗ (B) + k∗
(
B†
)
j (B)
of (i, j)-derivation in the operators H◦ → H, and a map l : B → B having
the coboundary property
(4.8) l
(
B†B
)
= B†l (B) + l
(
B†
)
B + k∗
(
B†
)
k (B) ,
with the adjoint l∗ (B) = l (B) + [D,B], such that γ (B) = l (B) +DB,
γn
(
B†
)
= k (B)
†
L◦n +B
†L−n = γ
n (B)
†
,
and γmn (B) = L
◦†
mj (B)L
◦
n for some operators L
◦
n : H → H
◦ having the
adjoints L◦†n on H
◦ and L−n ∈ B.
(iii) There exists a pseudo-Hilbert space, E, a unital ♭-representation  : B → A (E),
and a linear operator L : H⊕H• → E such that
(4.9) L♭ (B)L = γ (B) , ∀B ∈ B.
(iv) The structural map γ = λ + δ is conditionally completely positive with
respect to the matrix representation ι in (3.5).
Proof. The implication (i)⇒(ii) generalizes the Evans-Lewis Theorem[17], and its
proof is similar to the proof of the dilation theorem in [18]. LetH◦ be the pre-Hilbert
space of Kolmogorov decomposition ∆ (X,Z) = k (X)
†
k (Z). It is defined as the
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quotient space H◦ = K/I of the H-span K =
{
(ηB)B∈B
}
, where ηB ∈ H ⊕H
• is
not equal zero only for a finite number of B ∈ B, with respect to the kernel
I =
(ηB)B∈B ∈ K|∑
X,Z
〈ηX |∆ (X,Z) ηZ〉 = 0

of the positive-definite form (4.1). The operators k (B)
†
: H◦ → H⊕H• are defined
on the classes η◦ of (ηX)X∈B ∈ K as the adjoint〈
k (B)
†
η◦|η
〉
=
∑
X
〈ηX |∆ (X,B)η〉
to the bounded operators k (B) : H ⊕ H• → H◦, mapping the pairs η = η ⊕ η•
into the equivalence classes η◦ (B) = k (B) η + k• (B) η
• of (δZ (B)η)Z∈B, where
δZ (B) = 1 if B = Z, otherwise δZ (B) = 0. Let us define a linear operator j (B)
on H◦ by
j (B)
∑
Z
(k (Z) η + k• (Z) η
•) =
∑
Z
(k (BZ) η − k (B)Zη + k• (BZ) η
•) .
Obviously j (XB) = j (X) j (B), j (I) = I because k (I) = 0 and as follows from the
definition of the dissipation form, j (B)
†
= j
(
B†
)
for all B ∈ B. Thus j is a unital
†-representation, k is a (j, i)-cocycle, and k• (B) = j (B)L
◦
•, where L
◦
• = k• (I).
Moreover, as
γ
(
B†B
)
+ B†γ (I)B = B†γ (B) + γ
(
B†
)
B + k (B)
†
k (B) ,
γ••
(
B†B
)
= k• (B)
†
k• (B) ,
γ•
(
B†B
)
−B†γ• (B) = k (B)
† k• (B) = γ
•
(
B†B
)†
− γ• (B)†B,
the property (4.8) is fulfilled, L•◦j (B)L
◦
• = γ
•
• (B) with L
•
◦ = k
∗
• (I) = L
◦†
• , and
γ•
(
B†
)
= k (B)† L◦• +B
†L−• = γ
• (B)† ,
where L−• = γ• (I) , L
•
+ = γ
• (I) = L−†• .
The proof of the implication (ii)⇒(iii) can be also obtained as in [18] by the
explicit construction of E as H ⊕ H◦ ⊕ H with the indefinite metric tensor G =
[Gµν ] given above for µ, ν = −, ◦,+, and D = γ (I). The unital ♭-representation
 = [µν ]
µ=−,◦,+
ν=−,◦,+ of B on E :

(
X†Z
)
=  (X)
♭
 (Z) ,  (I) = I
with  (B)
♭
= G−1 (B)
†
G = 
(
B†
)
is given by the components
(4.10) ◦◦ = j, 
◦
+ = k, 
−
◦ = k
∗, −+ = l, 
−
− = i = 
+
+
and all other µν = 0. The linear operator L : H ⊕H
• → E , where H• = H ⊗ Cd,
can be defined by the components (Lµ, Lµ• ),
L− = 0, L◦ = 0, L+ = I, L−• =
(
L−n
)
, L◦• = (L
◦
n) , L
+
• = 0,
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and L♭ =
(
I 0 D
0 L•◦ L
•
+
)
= L†G, where L•◦ = L
◦†
• , L
•
+ = L
−†
• . Then L
♭L =
 0 L−•0 L◦•
1 0
♭  i k∗ l0 j k
0 0 i
 0 L−•0 L◦•
1 0
 = ( l +Di k∗L◦• + iL−•
L•◦k + L
•
+i L
•
◦jL
◦
•
)
= γ
In order to prove the implication (iii)⇒(iv), it is sufficient to show that the
vectors ξ =
∑
B  (B)LηB are positive, (ξ|ξ) ≥ 0 if
∑
B ι (B)ηB =
∑
B BηB =
0. But this follows immediately from the observation ξ+ =
∑
B  (B)L
+ηB =∑
B BηB = 0 such that the indefinite metrics (4.4) is positive, (ξ|ξ) = ‖ξ
◦‖
2
≥ 0 in
this case.
The final implication (iv)⇒(i) is obtained as the case ηI = −
∑
B 6=I BηB of∑
B BηB = 0.
5. The Structure of the Bounded Filtering Generators.
The structure (4.3) of the form-generator for CP cocycles over B = B (H) is
a consequence of the well known fact that the derivations k, k∗ of the algebra
B (H) of all bounded operators on a Hilbert space H are spatial, k (B) = j (B)L−
LB, k∗ (B) = L†j (B)−BL†, and so
(5.1) l (B) =
1
2
(
L†k (B) + k∗ (B)L+ [B,D]
)
+ i [H,B] ,
where H† = H is a Hermitian operator in H. The germ-map γ whose components
are composed (as in (4.3)) into the sums of the components ϕµν of a CP matrix
map ϕ : B → B ⊗ M
(
Cd+1
)
and left and right multiplications, are obviously
conditionally completely positive with respect to the representation ι in (4). As
follows from the dilation theorem in this case, there exists a family L− = L =
L+, Ln = L
◦
n, n = 1, ..., d of linear operators Lν : H → H
◦, having adjoints
L†µ : H
◦ → H such that ϕµν (B) = L
†
µj (B)Lν .
The next theorem proves that these structural conditions which are sufficient for
complete positivity of the cocycles, given by the equation (3.2), are also necessary
if the germ-map γ is w*-continuous on an operator algebra B. Thus the equation
(3.2) for a completely positive quantum cocycle with bounded stochastic derivatives
has the following general form
dφt (B) + φt
(
K†B +BK − L†j (B)L
)
dt =
d∑
m,n=1
φt
(
L†mj (B)Ln −Bδ
m
n
)
dΛnm
(5.2) +
d∑
m=1
φt
(
L†mj (B)L−K
†
mB
)
dΛ+m +
d∑
n=1
φt
(
L†j (B)Ln −BKn
)
dΛn−,
generalising the Lindblad form [17], for the norm-continuous semigroups of com-
pletely positive maps. The quantum stochastic submartingaleMt = φt (I) is defined
by the integral
Mt +
∫ t
0
φs (D) ds = I +
∫ t
0
d∑
m,n
φs
(
L†nLm − δ
n
m
)
dΛmn
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(5.3) +
∫ t
0
d∑
m=1
φs
(
L†mL−K
†
m
)
dΛ+m +
∫ t
0
d∑
n=1
φs
(
L†Ln −Kn
)
dΛn−.
If the space K can be embedded into the direct sum H ⊗ Cd = H ⊕ ... ⊕ H of d
copies of the initial Hilbert space H such that j (B) = (Bδmn ), this equation can
be resolved in the form φt (B) = F
†
t BFt, where F = (Ft)t>0 is an (unbounded)
cocycle in the tensor product H ⊗ F with Fock space F over the Hilbert space
Cd⊗L2 (R+) of the quantum noise of dimensionality d. The cocycle F satisfies the
quantum stochastic equation
(5.4) dFt+KFtdt =
d∑
i,n=1
(
Lin − Iδ
i
n
)
FtdΛ
n
i +
d∑
i=1
LiFtdΛ
+
i −
d∑
n=1
KnFtdΛ
n
−,
where Lin and L
i are the operators in H, defining
ϕmn (B) =
d∑
i=1
Li†mBL
i
n, ϕ (B) =
d∑
i=1
Li†BLi(5.5)
ϕm (B) =
d∑
i=1
Li†mBL
i, ϕn (B) =
d∑
i=1
Li†BLin
with
∑d
i=1 L
i†Li = K +K† if Mt is a martingale (≤ K +K
†if submartingale) .
Theorem 3. Let the germ-maps γ of the quantum stochastic cocycle φ over a
von-Neumann algebra B be w*-continuous and bounded:
(5.6)
‖γ‖ <∞, ‖γ•‖ =
(
d∑
n=1
‖γn‖
2
) 1
2
= ‖γ•‖ <∞, ‖γ••‖ = ‖γ
•
• (I)‖ <∞,
where ‖γ‖ = sup {‖γ (B)‖ : ‖B‖ < 1} , ‖γ•• (I)‖ = sup {〈η
•, γ•• (I) η
•〉 |‖η•‖ < 1}
and φt be a CP cocycle, satisfying equation (3.2) with φ0 (B) = B and normalized
to a submartingale (martingale). Then they have the form (4.3) written as
(5.7) γ (B) = ϕ (B)− ι (B)K −K†ι (B)
with ϕ = ϕ−+, ϕ
m = ϕm+ , ϕn = ϕ
−
n and ϕ
m
n = γ
m
n , composing a bounded CP
map.
(5.8) ϕ =
(
ϕ ϕ•
ϕ• ϕ••
)
, and K =
(
K K•
K• K••
)
with arbitrary K•,K•• , and K +K
† ≥ ϕ (I). The equation (5.2) has the unique CP
solution , satisfying the condition φs (I) ≤ ǫs [φt (I)] for all s < t (φs (I) = ǫs [φt (I)]
if K +K† = ϕ (I)).
Proof. The structure (5.7) for the CP component γ•• was obtained as a part of
the dilation theorem in the Stinespring form γ•• (B) = L
†
•j (B)L• = ϕ
•
• (B), where
L• = L
◦
•. In order to obtain the structure (5.7) for the bounded germ-maps γ•
and γ•, we can take into account the spatial structure k (B) = j (B)L − LB of a
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bounded (j, i)-derivation for a von-Neumann algebra B with respect to a normal
representation j of B and i (B) = B. Then
γ• (B) = k
∗ (B)L◦• +BL
−
• = L
†j (B)L◦• −B
(
L†L◦• − L
−
•
)
= L†+j (B)L• −BK•,
where L+ = L,K• = L
†L◦•−L
−
• . Hence γ• (B) = ϕ• (B)−BK•, γ
• (B) = ϕ• (B)−
K•B = γ∗• (B), where K
• = K†•, ϕ
• (B) = L†•j (B)L = ϕ
∗
• (B), such that the
matrix-map ϕ (B) = (Lµj (B)Lν)
µ=−,•
ν=+,• with L
− = L†, L• = L†• is CP. Taking into
account the form (5.1) of the coboundary l (B) = γ (B)−DB which is due to the
spatial form
[
iH + 12D,B
]
of the bounded derivation l (B)− 12
(
L†k (B) + k∗ (B)L
)
on B, one can obtain the representation
γ (B) =
1
2
(
L†k (B) + k∗ (B)L+DB +BD
)
+ i [H,B] = ϕ (B)−BK −K†B,
where ϕ (B) = L†j (B)L, K = iH + 12
(
L†L−D
)
.
The existence and uniqueness of the solutions φt (B) to the quantum stochastic
equations (3.2) with the bounded generators λµν (B) = γ
µ
ν (B)−Bδ
µ
ν and the initial
conditions φ0 (B) = B in an operator algebra B was proved in [20]. The positivity
of the solutions in the case of the equation (5.2), corresponding to the conditionally
positive germ-function (5.7), can be obtained by the iteration
φ
(n+1)
t (B) = V
†
t BVt +
∫ t
0
φ(n)s
(
βµν
(
V †t (s)BVt (s)
))
dΛνµ, φ
(0)
t (B) = B
of the quantum stochastic integral equation
(5.9) φt (B) = V
†
t BVt +
∫ t
0
φs
(
βµν
(
V †t (s)BVt (s)
))
dΛνµ,
with βµν (B) = ϕ
µ
ν (B) − Bδ
µ
ν . Here Vt = Vt (s)Vs with Vt (s) = T
†
s Vt−sTs shifted
by the co-isometry Ts in D, is the vector cocycle, resolving the quantum stochastic
differential equation
(5.10) dVt +KVtdt+
d∑
m=1
KmVtdΛ
m
− = 0
with the initial condition V0 = I in H. The equivalence of (5.2) and (5.9), (5.10) is
verified by direct differentiation of (5.9). In order to prove the complete positivity
of this solution, one should write down the corresponding iteration
φ
(n+1)
t (f
•, B, h•) = V †t BVt +
∫ t
0
f (s)† φ(n)s
(
f•,ϕ
(
V †t (s)BVt (s)
)
, h•
)
h (s) ds,
of the ordinary integral equation for the operator-valued kernels of coherent vectors,
defined in (3.7). Here g (s) = 1⊕ g• (s) such that∑
X,Z
∑
f,h
〈
ξfX
∣∣∣ φt (f•, X†Z, h•) ξhZ〉 =∑
X,Z
〈XVtηX |ZVtηZ〉
+
∫ t
0
∑
X,Z
∑
f,h
〈
η
f
X (s) |φs
(
f•,ϕ
(
X†Z
)
, h•
)
ηhZ (s)
〉
,
where ηB =
∑
g ξ
g
B, η
g
B (s) =
∑
g(s) ξ
g
B ⊗ g (s). Then the CP property for φ
(n)
t ,
immediately follows from the CP property of φ(n−1)s , s < t and of ϕ. The direct
iteration of this integral recursion with the initial CP condition φ
(0)
t (B) = B gives
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at the limit n → ∞ the minimal CP solution in the form of sum of n-tupol CP
integrals on the interval [0, t].
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